SL Paper 2

Consider the matrix

A3 2
A=12 4 X
3 7 3
Suppose now that A = 1 so consider the matrix
1 3
B = 4 1
7

a.i.Find an expression for det(A) in terms of A, simplifying your answer.

a.iiHence show that A is singular when A = 1 and find the other value of A for which A is singular.
b.i.Explain how it can be seen immediately that B is singular without calculating its determinant.
b.iiDetermine the null space of B.

b.iiiExplain briefly how your results verify the rank-nullity theorem.

c. Prove, using mathematical induction, that

B" = 8" 2B2forn € Zt, n>3.

Markscheme
a.i.det(@) = A(12 — 7A) + 3(3X — 6) +2(14 — 12) M1A1

=122 —TA2+9\—18+4
=—7TAN24+210—-14 A1

[??? marks]

a.ii.A is singular when A = 1 because the determinant is zero  R1

Note: Do not award the R1 if the determinant has not been obtained.

the other valueis2 A1

[??? marks]
b.i.the third row is the sum of the first two rows A7

[??? marks]

(3]

(2]

(1]

(4]

[IN/A

(7]



b.iithe null space satisfies

1 3 2 x 0

2 4 1 y| =10 M1

3 7 3 z 0
z+3y+2z=0

20 +4y+2z=0 (A1)
3z +Ty+32=0
the solution is (by GDC or otherwise)

z 5
y| =|-3|awhereac R M1A1
z 2

[??? marks]
b.iithe rank-nullity theorem for square matrices states that

rank of matrix + dimension of null space = number of columns A1
here, rank = 2, dimension of null space = 1 and number of columns =3 A1

[??? marks]
c. first show that the result is true for n = 3

[13 29 11
B2=113 29 11 A1l
|26 58 22

(104 232 88

B3=|104 232 88 A1
| 208 464 176

therefore B® = 8B% sotrueforn =3 R1

assume the result is true for n = k, that is B* =822 M1

consider B! = 8522 1

— gk-2g8g2

=g1B? A1

therefore, true for n = k = true for n = k + 1 and since the result is true forn = 3, itistrueforn >3 R1

[7 marks]

Examiners report

a.i. VAl
ailNVA
b.i. INV/A]
b.ilNV/Al
b.iil VAl
o INA

The hyperbola with equation z? — dxy — 2y2 = 3 is rotated through an acute anticlockwise angle o about the origin.



a. The point (m, y) is rotated through an anticlockwise angle o about the origin to become the point (X, Y). Assume that the rotation can be

-1 k)

Show, by considering the images of the points (1, 0) and (0, 1) under this rotation that
{a b] . [cosa —sina]
c d sina cosa

b.i.By expressing (z, y) in terms of (X, Y'), determine the equation of the rotated hyperbola in terms of X and Y.

represented by

b.ii Verify that the coefficient of XY in the equation is zero when tan a = %

2 2
b.iiDetermine the equation of the rotated hyperbola in this case, giving your answer in the form % — % =1.

b.ivHence find the coordinates of the foci of the hyperbola prior to rotation.

Markscheme

a. consider [a b] [1] = [a} (M1)
c d| |0 c

the image of (1, 0) is (cosa, sina) AT

therefore a = cosa, c =sina AG

2 ][4 [}

the image of (0, 1) is (—sina, cosa) A1
therefore b = —sina, d = cosa  AG
[3 marks]
b.i. [X] _ [cosa —sina] [m] N [ cos o sina] [X]
Y sina  cosa Y —sina  cosa Y
orx =Xcosa+Ysina, y=—Xsina+Ycosa At
substituting in the equation of the hyperbola, M1
(Xcosa+ Ysina)? —4(Xcosa+ Ysina)(—Xsina + Y cos a)
—2(—Xsina+Ycosa)> =3 A1
X2(cos?a — 2sin’a + 4 sin a cos o)+
XY (2sin a cos o — 4cos?a + 4sin’a + 4sin o cos o)+
Y 2(sin’a — 2cos’a — 4sinacosa) = 3

[??? marks]

. 1 2
, Sina=—andcosa = — A1

b.ii =1
iiwhen tan o ) 7 N

the XY term = 6sin a cos a — 4cos’a + 4sin’a M1

1 2 4 1(12 16 , 4
:6x%x%—4xg+4xg(T—?+g) A1
=0 AG

[??? marks]

b.iithe equation of the rotated hyperbola is

(3]

(3]

(3

(3]

(5]



2X2-3Y2=3 M1A1

X2 Y?

Wy

(accept XTZ — YT2 = 1)

2

[??? marks]

b.ithe coordinates of the foci of the rotated hyperbola

are (j: 341, 0) = (j: 2, 0) M1A1

the coordinates of the foci prior to rotation were given by

2 L

5 VB i\/g

1 2z

N 0
M1A1
)

1 A1
| T
[??? marks]

Examiners report

o INA]
b.i.[NA]
b.ilNV/Al

b.ilN/Al

b VA

S is defined as the set of all 2 x 2 non-singular matrices. A and B are two elements of the set S.

a. () Show that (A7)t = (A1, [8]
(i) Show that (AB)T = BT AT.
b. A relation R is defined on S such that A is related to B if and only if there exists an element X of S such that XAXT = B. Show that Ris an [8]

equivalence relation.

Markscheme
SRS
AT:<‘Z 2) M1

(A7) = adibc (—db _ac) (which exists because ad — bc # 0) A1

A= adibc ( 4 _b) M1

C a



_ 1 d -—c
(Al)T_m(—b )M

hence (AT)™! = (A71)T as required AG

(i A:(“ b) B:(e f)
c d g h

AB — ae+bg af+bh .
ce+dg cf+dh

ae+bg ce+dg
AB)T = A1
(4B) (af+bh cf+dh)

o (5 ) w2 ) m

f h b d

BTAT(e g) (a c)<a6+bg ceerg)
~\f h)\b d) \af+bh cf+dh

hence (AB)T = BTAT AG

b. Risreflexivesince ] € Sand JAIT = A A1

XAXT =B=A=X"'BXT)! MmiA1

= A=X"'BX YT froma() A1

which is of the correct form, hence symmetric AG
ARB = XAXT =Band BRC=YBYT =C M1

Note: Allow use of X rather than Y in this line.

=YXAXTYT=YBYT=C wMm1A1
= (YX)A(YX)T = Cfromal(i) A1
this is of the correct form, hence transitive

hence R is an equivalence relation AG

Examiners report

a. Part a) was successfully answered by the majority of candidates..

b. There were some wholly correct answers seen to part b) but a number of candidates struggled with the need to formally explain what was required.

1 2 3 4
. 13 8 11 8
The matrix A is given by A4 = 13 4 Al
A b5 7 6
2 T
. 4 Yy
(a) Giventhat A =2, B= and X = ,
o z
3 t

(1) find the value of p for which the equations defined by AX = B are consistent and solve the equations in this case;
(ii)  define the rank of a matrix and state the rank of A.
(b) Giventhat A =1,



(i) show that the four column vectors in A form a basis for the space of four-dimensional column vectors;

6
(i)  express the vector
15
Markscheme
(@) (1) usingrow reduction, M1
1 2 3 4 2
3 8 11 8 4
1 3 4 2 pu
2 5 7 6 3
1 2 3 4 2
0 2 2 —4 -2
A2
0 1 1 -2 -2 (42)
0 1 1 -2 -1
for consistency,
u—2=-1 (Ml
n=1 Al
putz=a,t=08 MI

y=-l—-a+28z=4—a—83 AIAl

(i)  the rank of a matrix is the number of independent rows (or columns)

rank (4)=2 Al

[10 marks]
(b) () det(d)=2 MDAI
since det (4)# 0, the vectors form a basis
6 1 2
. 28 3 8
(i) et 12 =a 1 +b 5 +c
15 1 5
1 2 3 4 a
|3 8 11 8|[b
13 4 1 c
1 5 7 6 d
it follows that
a 1 2 3 4\ ' /6
b| |3 8 11 8 28
cl |13 4 1 12
d 1 5 7 6 15
2
B!
| 2
-1
therefore
a=2 Al
b=1 Al
c=2 Al
d=-1 Al
6 1 2 3
28 3 8 11
|72 s TP e |
15 1 5 7

R1

11
4
7

S = 00 ™

+d

S = 00

as a linear combination of these basis vectors.

M1



[8 marks]

Examiners report

[N/A]

The set of all permutations of the list of the integers 1, 2, 3 ... nis a group, Sy, under the operation of composition of permutations.

Each element of Sy can be represented by a 4 x 4 matrix. For example, the cycle (1 2 3 4) is represented by the matrix

01 0 0 1
0 0 10 acting on the column vector 2
0 0 01 3
1 0 00 4
a. () Show that the order of S, is n!; [€
(i)  List the 6 elements of S3 in cycle form;
(i)  Show that S3 is not Abelian;
(iv) Deduce that S, is not Abelian for n > 3.
b. () Write down the matrices M1, M representing the permutations (1 2), (2 3), respectively; 7]

(i)  Find M1M3 and state the permutation represented by this matrix;

(i) Find det(M1), det(M2) and deduce the value of det(M1M>).
c. () Use mathematical induction to prove that [8]

1n)1n —1)(1n-2)...(12)=(123...n)ne€Z", n>1

(i)  Deduce that every permutation can be written as a product of cycles of length 2.

Markscheme

a. () 1 hasn possible new positions; 2 then has n — 1 possible new positions...

n has only one possible new position R17
the number of possible permutationsisn X (n —1) x ... x2x1 R1

=n! AG

Note: Give no credit for simply stating that the number of permutations is 7!
@ (1)(2)3); (12)(3); (13)(2); (23)(1); (123); (132) A2

Notes: A7 for 4 or 5 correct.

If single bracket terms are missing, do not penalize.

Accept e in place of the identity.



(i)  attempt to compare m; o 2 with 72 o 71 for two permutations M1
for example (12)(13) =(132) A1
but(13)(12)=(123) A1

hence S3 is not Abelian ~ AG

(iv) S3is asubgroup of S,,, R1
so S,, contains non-commuting elements  R1

= S, isnot Abelianforn >3 AG

[9 marks]
0 1 0 O 1 0 0 O
1 0 0 O 0 0 1 0
i M = My = A1A1
0 0 1 0 01 0 O
0 0 0 1 0 0 0 1
0 0 1 0
i mmy— |1 00O 4
2o 10 0
0 0 0 1
this represents (1 32) A1

(i) by, for example, interchanging a pair of rows  (M1)
det(M;) = det(Mz) = —1 A1

then det(MM;) = (—1) x (1) =1 A1

[7 marks]

c. () letP(n) be the proposition that

1n)(1n-1)(1n-2)...(12)=(123...n)neZ"
the statement that P(2) istrueeg (12) = (12) A1
assume P(k) is true for some k.~ M1

consider (1k+1)(1k)(1k—-1)(1k—2)...(12)
=(1k+1)(123...k) M1

then the composite permutation has the following effect on the first k + 1 integers:1 —+ 2,2 —-3...k—1—k k—-1—->k+ 1, k+1—1
A1l

thisis (123...kk+1) Af1

hence the assertion is true by induction AG

(i) every permutation is a product of cycles R1

generalizing the result in () R17

every cycle is a product of cycles of length2 R1

hence every permutation can be written as a product of cycles of length2 AG

[8 marks]

Examiners report



a. In part (a)(i), many just wrote down n! without showing how this arises by a sequential choice process. Part (i) was usually correctly answered,
although some gave their answers in the unwanted 2-dimensional form. Part (jii) was often well answered, though some candidates failed to realise

that they need to explicitly evaluate the product of two elements in both orders.
b. Part (b) was often well answered. A number of candidates found 2 x 2 matrices - this gained no marks.

c. Nearly all candidates knew how to approach part (c)(i), but failed to be completely convincing. Few candidates seemed to know that every

permutation can be written as a product of non-overlapping cycles, as the first step in part (ii).

a. Given that the elements of a 2 X 2 symmetric matrix are real, show that 1]

(i) the eigenvalues are real;

(ii)) the eigenvectors are orthogonal if the eigenvalues are distinct.

b. The matrix A is given by [71

+=(5 )

Find the eigenvalues and eigenvectors of A.

x

C. The ellipse E has equation X TAX = 24 where X = (
Y

) and A is as defined in part (b). [71

1 ow that £ can be rotated about the origin onto the ellipse aving equation 2z° + 3y° = 6.
i) Show that F can b d about the origi he ellipse E’ having equation 2% + 3y* = 6

(if)  Find the acute angle through which E has to be rotated to coincide with E' .

Markscheme

a. (i) letM:(Z b) M1)
C

the eigenvalues satisfy

det(M —XI)=0 (MI)

(@—A)(c—X)—-b2=0 (4l

XN —ANa+ec)+ac—b?=0 Al

discriminant = (a + ¢) — 4(ac — b*) Ml
=(a—c)?+4® >0 Al

this shows that the eigenvalues are real A4G

(i)  let the distinct eigenvalues be A1, A2 , with eigenvectors X, X
then

MX;=MX;and o Xo = MX; Ml

transpose the first equation and postmultiply by X5 to give

MXIX, = XTMX, Al

premultiply the second equation by X7



)\2X1TX2 = XfMXz Al
it follows that
(AL - /\z)XlT.Xz =0 Al

since A1 # Az , it follows that X7 X» = 0 so that the eigenvectors are orthogonal

[11 marks]
11-A
- the eigenvalues satisfy ' _ V3 ’ =0 MIAI
V39—
N —20A+96=0 AI

A=8,12 Al

first eigenvector satisfies
(5 )G ()
V3 1/ \y 0

(z ) — (any multiple of) ( —1/3) Al

second eigenvector satisfies
(s %) G)-0)
V3 -3/ \y 0

(”” ) = (any multiple of ) < \/g) Al
y

1
[7 marks]

. (i) consider the rotation in which (z, y) is transformed onto (z’,y’) defined by

, 1 V3 1 V3 ,
TN _ | 2 2 z T\ _ 2 2 z
)5 )0 )| s 1) () e
2 2 2 2
the ellipse E becomes
1 V3 1 V3
oo 2 T 11 /3 R WA
=24
(= )| 5 | <\/§ 0 A g ) =% Mial
2 2 T2 2
8

( y')<o 102) (5)224 Al

2(')2+3(y')? =6 AG

(i) the angle of rotation is given by cos § = %, sinf = ? Ml

. . . cosf —sinf
since a rotational matrix has the form

sinf  cosf
so 6 = 60° (anticlockwise) A1
[7 marks]

Examiners report

o INVA]

b.

(o]

IN/A]
IN/A]

R1



The function f: R x R — R x R is defined by X — AX , where X = [m} and A = [a Z} where a , b, ¢, d are all non-zero.
Y c

Consider the group {5, +,,} where S = {0,1,2...m — 1} ,m € N, m > 3 and +,, denotes addition modulo m .

A.aShow that f is a bijection if A is non-singular. [71

A.bSuppose now that A is singular. (5]

(i)  Write down the relationship betweena ,b,c, d .
(ii) Deduce that the second row of A is a multiple of the first row of A .

(iii)  Hence show that f is not a bijection.

B.aShow that {S, +,,} is cyclic for all m . [3]

B.bGiven that m is prime, [71

(1) explain why all elements except the identity are generators of {S, +,,} ;
(ii)  find the inverse of z , where x is any element of {9, +,,} apart from the identity;

(iii)  determine the number of sets of two distinct elements where each element is the inverse of the other.

B.cSuppose now that m = ab where a , b are unequal prime numbers. Show that {.S, +,,} has two proper subgroups and identify them. [3]

Markscheme

A.arecognizing that the function needs to be injective and surjective  RI

Note: Award R1 if this is seen anywhere in the solution.

injective:
let U,V €° x° be 2-D column vectors such that AU = AV M1
ATTAU =A'AV M1
U=V Al
this shows that f is injective
surjective:
let We° x° Ml
then there exists Z = A7'W €° x°suchthat AZ = W MIAI
this shows that f is surjective
therefore f is a bijection AG
[7 marks]

A.b(i) therelationship is ad = bc Al

(i) it follows that € = £ = Xso that (c,d) = A(a,b) Al



(iiiy EITHER

p

let W = {
q

} be a 2-D vector

then AW = a b P Ml
da Ab| |q

ap + bq
= Al
[A(ap + bq)]

the image always satisfies y = Az so f is not surjective and therefore not a bijection RI
OR

& -2
[Aaa ;b} m N [;;b]

this shows that f is not injective and therefore not a bijection RI

[5 marks]
B.athe identity elementis 0  RI

consider, for1 <r <m,

using 1 as a generator M1

1 combined with itself  times gives r and as r increases from 1 to m, the group is generated ending with 0O whenr =m A1
it is therefore cyclic AG

[3 marks]

B.b(i) by Lagrange the order of each element must be a factor of m and if m is prime, its only factors are 1 and m  R1

since 0 is the only element of order 1, all other elements are of order m and are therefore generators R1

(i) since z+m(m—2z)=0 (MI)

the inverse of x is (m — z) Al

(iii))  consider

element mverse
1 m—1
2 m-2
MIAI
1 1
E(rn—l) E(m +1)

there are %(m — 1) inverse pairs A1 N1

Note: Award M1 for an attempt to list the inverse pairs, A1 for completing it correctly and A1 for the final answer.

[7 marks]



B.csince a, b are unequal primes the only factors of m are a and b

there are therefore only subgroups of ordera and b R1
they are

{0,a,2a,...,(b—1)a} AI

{0,b,2b,...,(a —1)b} Al

[3 marks]

Examiners report

A.aThis proved to be a difficult question for some candidates. Most candidates realised that they had to show that the function was both injective
and surjective but many failed to give convincing proofs. Some candidates stated, incorrectly, that f'was injective because A X is uniquely

defined, not realising that they had to show that AX = AY = X =Y.

A.bSolutions to (b) were disappointing with many candidates failing to realise that they had either to show that A X was confined to a subset of

R x R or that two distinct vectors had the same image under f.
B.aThis question was well answered in general with solutions to (c) being the least successful.
B.bThis question was well answered in general with solutions to (c) being the least successful.

B.cThis question was well answered in general with solutions to (c) being the least successful.

a. By considering the points (1, 0) and (0, 1) determine the 2 x 2 matrix which represents

(i) an anticlockwise rotation of 8 about the origin;

(i) areflection in the line y = (tan 0)z.

1 1
b. Determine the matrix A which represents a rotation from the direction ( 0 ) to the direction ( 3 ) .

c. Atriangle whose vertices have coordinates (0, 0), (3, 1) and (1, 5) undergoes a transformation represented by the matrix A~' X A, where X [6]

is the matrix representing a reflection in the x-axis. Find the coordinates of the vertices of the transformed triangle.

d. The matrix B = A~ X A represents a reflection in the line y = ma. Find the value of m.

Markscheme

a. () under an anti-clockwise rotation of 8

(1, 0) — (cosb, sinh)

(0, 1) —» (—sin6, cosf) M1

rotation matrix is ( C?S 6 - sm9) A1
sinf cosd



(i)

0, 1)

(cos 26, sin 260)

M1
under a reflection in the line y = (tan 6)z
(1, 0) — (cos 26, sin 26)
(0, 1) — (sin20, —cos26) M1

20 in 26
matrix for reflection in the line y = (tan 0)z : ( €08 st ) Al

sin20 — cos 26
. inthis case tanf =3 (M1)

. 3
= sinf = —
V10

1 3
hence rotation matrix is ( \/31_0 \1/10 ) A1l
Vo Vi

1 3
'Alz(“? “j_()) (A1)
VI VIo

(1, 0)

(sin 26, — cos 20)

V



8 6
= A1XA= ( Y 810) (M1)A1
" 10

B 0 _3 _1
= A1XAG) = 10 10 ( ): 5 M1
@) (_i 2 Jlo1 s 0o 4 u | ™

10

hence coordinates are (0, 0), (—3, — 1) and (,E E) A1

8 6

d. “10 T 10
B=|_s s

10 10

the matrix for the reflection in the line y = (tan6)x is ( cos26  sin 26 )

sin26 — cos 26
cos20 = —3, sin20 = -3 (A1)(A1)
cos20 = 2cos’0 —1 (M1)

20 2
= 2cos?f = o
= cosf = :t% (A1)

=1 ing = >

= cosf = s and sin 6 et (A1)
= tanf = -3

=>m=-3 A1

Examiners report

a. This proved to be a more challenging question for many candidates. In part a) many candidates appeared to not know how to find the matrices and
for those who attempted to find them, arithmetic errors were common. A number of wholly correct solutions to parts b), c) and d) were seen, but

many candidates seemed unfamiliar with this style of question and made errors or simply gave up part way through the process.

b. This proved to be a more challenging question for many candidates. In part a) many candidates appeared to not know how to find the matrices and
for those who attempted to find them, arithmetic errors were common. A number of wholly correct solutions to parts b), c) and d) were seen, but

many candidates seemed unfamiliar with this style of question and made errors or simply gave up part way through the process.

c. This proved to be a more challenging question for many candidates. In part a) many candidates appeared to not know how to find the matrices and
for those who attempted to find them, arithmetic errors were common. A number of wholly correct solutions to parts b), c) and d) were seen, but

many candidates seemed unfamiliar with this style of question and made errors or simply gave up part way through the process.

d. This proved to be a more challenging question for many candidates. In part a) many candidates appeared to not know how to find the matrices and
for those who attempted to find them, arithmetic errors were common. A number of wholly correct solutions to parts b), c) and d) were seen, but

many candidates seemed unfamiliar with this style of question and made errors or simply gave up part way through the process.



